Cohesive interactions between filamentous molecules have broad implications for a range of biological and synthetic materials. While long-standing theoretical approaches have addressed the problem of inter-filament forces from the limit of infinitely rigid rods, the ability of flexible filaments to deform intra-filament shape in response to changes in inter-filament geometry has a profound affect on the nature of cohesive interactions. In this paper, we study two theoretical models of inter-filament cohesion in the opposite limit, in which filaments are sufficiently flexible to maintain cohesive contact along their contours, and address, in particular, the role played by helical-interfilament geometry in defining interactions. Specifically, we study models of featureless, tubular filaments interacting via 1) pair-wise Lennard-Jones (LJ) interactions between surface elements and 2) depletion-induced filament binding stabilized by electrostatic surface repulsion. Analysis of these models reveals a universal preference for cohesive filament interactions for non-zero helical skew, and further, that in the asymptotic limit of vanishing interaction range relative to filament diameter, the skew-dependence of cohesion approaches a geometrically defined limit described purely by the close-packing geometry of twisted tubular filaments. We further analyze non-universal features of the skew-dependence of cohesion at small-twist for both potentials, and argue that in the LJ model the pair-wise surface attraction generically destabilizes parallel filaments, while in the second model, pair-wise electrostatic repulsion in combination with non-pairwise additivity of depletion leads to a meta-stable parallel state.
I. INTRODUCTION
Assemblies of filamentous molecules driven by cohesive interactions continue to draw intense interest not only for the broad relevance to biology and nanostructured materials, but also due to the rich interplay between interactions and mechanics they exhibit. Commonly studied biological examples include condensation of DNA [1] [2] [3] [4] , filamentous actin [5] [6] [7] [8] [9] [10] , filamentous viruses [11] and protein fibrils [12, 13] , while synthetic examples include gelators [14] , supramolecular fibers [15] as well as carbon nanotube ropes [16] [17] [18] . As the emergent properties of assembly motifs like protein filament bundles and nanotube ropes depend not only on intrinsic properties of single filaments, but also, on the properties of interfilament forces, developing a theoretical understanding of cohesion between filamentary objects has been a long standing goal.
Even in the simplest models of interacting filaments, the extreme length to radius aspect ratio, L/a 1, implies a strong dependence of inter-filament forces on orientation, in particular, on the inter-filament skew angle, θ (see Fig. 1 ). For example, van der Waals attractions between perfectly rigid and skewed cylinders has been studied theoretically [19] [20] [21] [22] , showing that for a given separation, cohesive energy decreases with skew angle as ∼ 1/ sin θ. This intuitive result simply derives from the fact that parallel configurations maximize the effective * lcajamar@physics.umass.edu † grason@mail.pse.umass.edu length of "contact" between straight filaments, and even small rotations of rigid filaments move distant regions out of cohesive contact Fig. 1 
(a).
While the skew-dependence of pair-wise filament interactions has been well-studied theoretically in the limit of perfect rigidity, the purpose of the present study is to revisit the angle-dependence of cohesion for the case of flexible filaments, which we show exhibits a critically different behavior. The extreme aspect ratio of filaments, generically implies that in their optimal geometry, skewed pairs of cohesively interacting filaments are unlikely to remain straight. Specifically, we consider a class of structures where filaments maintain cohesive contact along their contour length: the double helical configuration ( Fig. 1(b) ). Note that for a fixed non-zero skew, long filament pairs gain cohesive energy in proportion to L, while the mechanical cost for filament bending generically vanishes rapidly with radius (e.g. as ∼ a 4 for the isotropic elastic beams). These dimensional arguments alone imply that the double-helical pair configuration is a more relevant geometry than "crossed cylinders" for describing minimal-energy states of cohesive pairs of sufficiently long and slender filaments.
Motivated by these simple observations, we study two theoretical models of cohesive interaction between featureless, tubular filaments in order to address three basic and unanswered questions. First, what is the angle dependence of cohesive interactions between doublehelically wound filament pairs? What determines the optimal skew geometry of cohesive contact? Finally, how do cohesive interactions between bound pairs of flexible filaments affect the stability of the parallel configuration? adhesive potential first focusing on the dependence of optimal skew angle on the ratio of range of the interaction to filament radius. We then focus on the stability of parallel filaments to non-zero skew, based on the LJ model of filament attraction as well as the mechanical cost for filament deformation. A parallel analysis is carried out in Sec.IV for the model of screened electrostatic repulsion and depletion attraction (SERDA) in filament pairs, where we investigate how skew-dependent interactions depend on the ranges and relative strengths of the respective electrostatic and depletion forces between filaments. In Sec.VI, we discuss both the universal and interaction-specific features of the skew-dependence of filament interactions revealed by our study, as well as the implications for specific filamentous systems. Finally, we provide details on the analytical method for the calculation of depletion-attraction between twisted tubular filaments in an Appendix A.
II. GEOMETRY AND CONTACT OF HELICAL FILAMENT PAIRS
In this section we introduce the geometry of twisted tubes used to describe interactions between featureless filaments in our model, whose surfaces are both homogeneous and isotropic in cross section. Specifically, we consider filaments of radius a and length L ⇧ a, and review geometric properties of interfilament contact in "close packed" helical tubes. We treat the filaments as "flexible tubes" possessing a rigid circular cross section perpendicular to the central curve, or tube axis, at each point along its length. The curves describing a twisted pair of filaments are helices, which we denote as r + (z) and r (z) where ± simply to the tube center, whose position is described by the function R
Below, we consider models of adhesion deriving, in part, from the summation of interactions among surface elements on opposing filaments. Given the parameterization of eq. (4), area elements are related to surface coordinates via a metric dA ± = g ± dz ± d⇤ ± where
Notably, the factor of sec relates a length element along the pitch axis dz to the arc-length of the tube axis. The fixed contour length of filaments implies that the height of the pair along the pitch axis, ⇧ dz ± = ↵, must contract for non-zero twist according to ↵ = L cos (see Fig ?? ). Before proceeding to analyze adhesive interactions for helical filament pairs, we first review some geometric aspects of inter-filament contact for close-packed helical tubes. The purely geometric constraints of tube packing demonstrate simply the non-local nature of contact in inter-filament structures. Moreover, we show below that the contact geometry of twisted tube pairs encodes certain features of the adhesive energy landscape for attractive filaments.
Considerations of non-overlap between filaments in "nply" geometries have been studied in detail, first by Neukirch and van der Heijden 13 and later by Bohr and
Olsen

14
. Close-packed configurations of double-helical filaments (or "2-plies"), refer to configurations where the distance of closest approach between the axes of opposing tubes is identically equal to the diameter 2a, a condition which constrains the relationship between , P and a. In the first model, we study the cohesive interactions mediated by a pair-wise attraction between surface elements of opposing filaments, whose distance-dependence is modeled by a Lennard-Jones (LJ) potential, characterized by an attractive well at separation σ. This potential provides a simple, albeit approximate, means of modeling long-range van der Waals forces between tubular filaments, and more importantly for present purposes, its analytical simplicity allows us to characterize the full skew-dependence of inter-filament cohesion and classify its behavior purely in terms of the ratio of range of interactions to the filament radius, σ/a. The second model considers the cohesion between osmotically-condensed filaments (depletion driven) stabilized by screened electrostatic repulsion between the charged filament surfaces, a potential relevant to numerous experimental studies of biofilaments condensed in crowded suspensions of macromolecular depletants [6, 8, 9] . Based on our analysis, we find that despite the clear distinctions in microscopic mechanisms of surface cohesion and the pair-wise additivity of surface interactions considered, both models exhibit a generic preference of interactions for twist: cohesive energy in the filament pair is maximized at non-zero skew angle. It is important to distinguish this result for preferred spontaneous twist of achiral filament pairs, from the well-studied intrinsic preference for twist in models of helically-patterned, or chiral, filaments [23] [24] [25] [26] [27] . For the case of purely pair-wise and attractive interactions among surface elements of featureless filaments (such as the LJ model), we show further that cohesive interactions generically destabilize parallel filaments to at least a small degree of inter-filament skew, whose value derives from a balance between the cohesive inter-filament torque and the mechanical forces of filament bending. We argue that certain features of the skew-dependence of interactions derive from universal features of the contact geometry of twisted tubular filaments. Specifically, independent of the mechanism of the interaction, we show that in the limit of very short-range surface interactions, the optimal cohesive geometry is the one that maximizes the length of lines of contact between the surfaces of close-packing helical tubes, a well-defined and purely geometric state.
The remainder of this paper is organized as follows: an introduction to the geometry of twisted filament pairs and an overview of the contact geometry of twisted tubes is given in Sec.II. In the following two sections we introduce and analyze the two models for the molecular interactions between filaments. In Sec.III we study the LJ cohesive potential first focusing on the dependence of optimal skew angle on the ratio of range of the interaction to filament radius. We then focus on the stability of parallel filaments to non-zero skew, based on the LJ model of filament attraction as well as the mechanical cost for filament deformation. A parallel analysis is carried out in Sec.IV for the model of osmoticallycondensed/electrostatically-stabilized (OCES) filament pairs, where we investigate how skew-dependent interactions depend on the ranges and relative strengths of the respective electrostatic and depletion forces between filaments. In Sec.V we discuss both the universal and interaction-specific features of the skew-dependence of filament interactions revealed by our study, as well as the implications for specific filamentous systems. Finally, we provide details on the calculation of depletion-attraction between twisted tubular filaments in Appendix A.
II. GEOMETRY AND CONTACT OF HELICAL FILAMENT PAIRS
In this section we introduce the geometry of twisted tubes used to describe interactions between featureless filaments, the surfaces of which are both homogeneous and isotropic in cross section. Specifically, we consider filaments of radius a and length L a, and review geometric properties of interfilament contact in "close packed" helical tubes.
We treat filaments as "flexible tubes" possessing a circular cross section perpendicular to the central curve, or tube axis, at each point along its length, which is sometimes referred as the "tube" picture of molecular filaments [28] . The curves describing a twisted pair of filaments are helices, which we denote as r + (z) and r − (z) where ± simply labels each filament and z is the vertical height along the pitch axis. Denoting the center-tocenter spacing between the axes as 2∆ and the pitch as P = 2π/Ω [29] these curves are simply r ± (z) = ±∆ cos(Ωz)x + sin(Ωz)ŷ + zẑ.
( The pitch and radii of the tube axes define the helical angle, θ, through
where according to this definition, the local skew angle between the filament pair is 2θ. Finally, we describe the points on the surface of the tubular filaments in terms of the Frenet frame {T ± , N ± , B ± }, the tangent, normal and binormal to each curve [30] ,
and B ± = T ± × N ± . Surface elements of each filament are labeled by the coordinate pair (z ± , φ ± ), where the latter coordinate labels the angular location with respect to the tube center, whose position is described by the function R ± (z ± , φ ± ),
Below, we consider models of cohesion deriving, in part, from the summation of interactions among surface elements on opposing filaments. Given the parameterization of eq. (4), area elements are related to surface coordinates via a metric dA ± = √ g ± dz ± dφ ± where
Notably, the factor of sec θ relates a length element along the pitch axis dz to the arc length of the tube axis. The fixed contour length of filaments implies that the height of the pair along the pitch axis, dz ± = , must contract for non-zero twist according to = L cos θ (see Fig. 1(b) ). Before proceeding to analyze cohesive interactions for helical filament pairs, we first review some geometric aspects of inter-filament contact for close-packed helical tubes. The geometric constraints of tube packing provide a clear illustration of the non-local nature of contact in multi-filament structures. Moreover, we show below that the close-packing geometry of twisted tube pairs encodes certain generic features of the cohesive energy landscape for attractive filaments.
Considerations of non-overlap between filaments in "nply" geometries have been studied in detail, first by Neukirch and van der Heijden [31] and more recently by Bohr and Olsen [32] . Close-packed configurations of double-helical filaments (or "2-plies"), refer to configurations where the distance of closest approach between the axes of opposing tubes is identically equal to the diameter 2a, a condition which constrains the relationship between ∆, P and a. Defining the distance between the + and − tubes offset by a vertical distance z as
Lines of contact between the tubes are defined as solutions to
which requires that points separated by z * are locally the distance of closest approach between the tube axes. For a given Ω and ∆, there are, in general, multiple roots to the transcendental equation of eq. (7), and non-overlap between the filament pair requires that δ(z * ) ≥ 2a for all solutions, while close-packing requires that at least one solution saturates the inequality (i.e. the pair can be brought no closer without overlap). Straightforward analysis of eq. (7) shows that for small twist |Ω∆| ≤ 1, or θ ≤ π/4, there is only a solution for z * = 0 (i.e. contact occurs at the same vertical position). Hence, for θ ≤ θ c = π/4 close-packing is described by ∆ = a and Ω = a −1 tan θ. Above a critical helical angle, θ c = π/4, a bifurcation occurs and the solution to eq. (7) splits into two lines of contact, occurring out of the plane (i.e. z * = 0). For tan θ 1, it is straightforward to show Ωz * ±2 √ 2 √ θ − θ c . Further, above the critical angle z = 0 becomes a local maximum, implying that ∆ > a. For the asymptotic case at large helical angles |Ω∆| 1, it is straightforward to show that contact is described by the conditions Ωz * ±π, P 4a and ∆ = 4a tan θ.
The evolution of close-packed geometry of double helical tubes with increased twist is shown in Fig. 2 makes contact with the opposing tube at two points, in the helical turns above and below a given point. At the critical angle θ c = π/4, these two distinct contact geometries merge, indicating a unique and broadly distributed neighborhood of "near-contact" between opposing tubes,
Crudely, we may think that this critical geometry possesses simultaneously three lines of contact, both the central line of contact occurring for small twist as well as the two helical lines describing outof-plane contact at large twist. In the analysis of interaction energy between tubular filaments, we show that the existence of a critical point in the contact geometry of close-packed flexible tubes at θ C = π/4 has important and universal consequences for the twist-dependence of cohesive energy.
III. CASE I: VAN DER WAALS ATTRACTION
In this section we analyze the θ-dependence of the double-helical filament pairs interacting via a pair-wise attraction between surface elements on opposing filaments. Here, we consider pair-wise attractions between tubular surface elements modeled by LJ-type potential, whose long range −r −6 term models non-retarded van der Waals forces,
where σ and denote the radial location and depth, respectively, of the attractive potential minimum. For a given helical angle and filament spacing, ∆, we compute the total interaction energy from the double surface integration of the pair-wise interactions,
In this study we focus on interactions between filaments much longer than the interaction range (L σ). Hence, for a given fixed position, R + , we approximate the integral over the height coordinate of the − filament by taking the upper and lower limits to z − → ±∞. In this case, the interaction energy of elements on the + filament with the surface of the − are independent of height z + . Therefore, we arrive at the interaction energy per unit filament length,
As our focus is on the skew-dependence of interactions, for a given angle θ, we minimize interaction energy over spacing, defining U LJ (θ) ≡ min ∆ [U LJ (θ, ∆)]. Integrals and energy minimization are performed numerically.
The LJ potential is characterized by a single energy scale entering , which has units of energy/(length) 4 . Therefore, up to rescaling by , variations in interfilament potentials are characterized a single parameter, σ/a, the ratio of surface interaction range to filament radius. Considering briefly the parallel filament (θ = 0) behavior, we highlight two limiting cases characterized by this ratio. In the limit of σ/a → 0 the inter-filament forces approach "sticky tubes", whose interactions are negligible until surface elements of opposing filaments are in physical contact. Hence, equilibrium spacing approaches ∆ 0 → a + 0.4σ for θ = 0, and expanding |R + − R − | around φ + = φ − = 0 in eq. (10) (i.e. the Derjaguin approximation) we can show for cohesive tubes
where U 0 ≡ U LJ (θ = 0) is the parallel tube interaction. In the opposite limit, σ/a → ∞, the range of filament interactions is characterized by σ only, and we denote this as the "sticky threads" limit. For sticky threads, the distance dependence of the parallel configuration follows a "5-11" potential [33] [34] [35] lim a/σ→0
where γ n ≡ 2
n/2 . In the thread limit, equilibrium spacing occurs at ∆ 0 0.474σ and with a binding energy
The schematic behavior of U 0 for both limiting cases is shown in Fig. 3 .
A. Skew dependence of interactions and optimal angle
A plot of the normalized energy per unit length, U (θ)/U 0 , is shown in Fig. 4 as a function of the helical angle θ for interaction ranges spanning from "sticky tube" (σ/a = 0.06) to "sticky thread" (σ/a = 10 4 ) limits. The angle dependence of interactions exhibits three common features for all ranges of interaction. First, the parallel configuration θ = 0 is an unstable local maximum of the cohesion energy, demonstrating that even infinitesimal skewing of parallel filaments enhances cohesive contact for the LJ surface interactions. Second, the cohesion energy is optimal (most attractive) for a non-zero angle θ m , in the range π/4 ≤ θ m ≤ 1.01 (45
Underlying this common behavior, are common features of inter-filament contact in the double-helical geometry. The local maximum at θ = 0 can be attributed to pair-wise attraction at long range between points on opposing filaments. For parallel filaments at equilibrium spacing, all pairs are more distant than the closest separation ∆ − 2a and sit within an attractive (negative) range of the potential. Relative to this parallel state, double helical twist reduces the distance between points at a given vertical separation by reducing their distance in the xy plane. For sufficiently small twist, this generically implies an increased number of points brought into the strongly attractive range of the pair-potential and a increased cohesive interaction, growing in proportion to ∼ θ 2 . In Fig. 5 we plot the equilibrium in-plane spacing of filaments ∆ m as a function of θ for a range of σ/a. For all interaction ranges, the optimal spacing is minimal for parallel filaments and ultimately diverges as θ → π/2, suggesting the pair opens a central void as the filament orientation tilts down into the xy plane at large twist angles. The transition from ∆ m ≈ ∆ 0 at small angles θ ≈ 0 to the divergent in-plane spacing at large angles, ∆ m ∼ 1/ tan θ, is a signature of the abrupt change of inter-filament contact discussed in Sec. II. While contact between nearly parallel filaments occurs in the xy plane, for large angles the distance of closest approach occurs with two points on the neighbor filament above and below a point on the reference filament. Hence, as the helical radius adjusts to ∆ m ∼ 1/ tan θ, the interactions select the helical pitch so that as θ → π/2 the vertical spacing between "stacked rings" approaches the optimal spacing of straight and parallel filaments, ∆ 0 . From these observations, it is straightforward to see that generic doubling of cohesion energy occurring in the large twist angle limit (lim θ→π/2 U → 2U 0 ) derives directly from doubling of the number contact lines between opposing filaments in this "stacked rings" configuration as well as the filament straightening that occurs in asymptotic limit as ∆ m → ∞.
In Fig. 6 we plot the minimal-energy twist angle,
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1. θ m , as function of σ/a. Notably, the optimal skew angle in the "sticky tube" limit (σ/a 1) approaches the critical angle of close-packed twisted tubes, i.e. lim σ/a→0 θ m → θ c = π/2 [36] . In the limit of vanishing interaction range, filaments only benefit from attractive interactions when opposing surfaces are in near-contact, and hence, we expect that the θ-dependence of closepacked tubes also describes the optimal double-helical geometry of "sticky tubes". Intuitively, we can understand the coincidence between the optimal cohesion geometry of sticky tubes and the critical-angle for close-packing in terms of the tendency to maximize the number of lines of contact between opposing filaments. At the critical angle, close-packed tubes transition from (at small angle) a single line of contact which threads along the pitch axis of the double helix to a configuration where a given filament is in contact with the opposing filament along two lines that connect consecutive and preceding helical turns (see Fig. 2(b) ). Crudely, one may envision the transition of contact geometry at θ c as the merger of three lines of contact, implying that the critical angle for close-packing is also the optimal angle for cohesion between sticky tubes. Notably, this oversimplified view of the critical angle as a state of three contact lines is roughly consistent with observed depth of the minimal energy configuration relative to the parallel state for our LJ model, i.e. for the shortest interaction range reported σ/a = 0.06 we find U (θ m ) 3.4U 0 .
In the limit σ/a 1,we find that the optimal angle approaches a value θ m 1.01 (θ m 58 • ). This angle characterizes the distinct geometry of optimally cohesive "threads" whose much broader range of attraction between length elements allows attractive interactions to persist beyond the distance of closest approach between threads, and consequently, favors skew geometries which exceed the close-packing critical angle (π/4). Hence, we can attribute the increase in θ m with σ/a to follow from the increase in the ratio of the distance of range of pair- wise attractions between segments (proportional to σ) as compared to the equilibrium inter-filament spacing (roughly ∆ 0 ≈ a + σ/2).
B. Bending and cohesive instability of parallel filaments
The skew-dependence of cohesive interactions for LJ surface interactions shown in Fig. 4 demonstrates that attractive interactions are locally maximal, and hence unstable, in the parallel configuration. Focusing on the small-angle behavior, we find generically a decrease in energy, proportional to θ 2 . We characterize the (in)stability of the parallel state in terms of the curvature, or second derivative, of the energy with respect to θ,
where for the present case of LJ surface interactions,
The ratio U 2 /U 0 characterizes the curvature of the interaction potential relative to the overall strength of attraction between filaments and we plot the dependence of U 2 /U 0 on σ/a in Fig. 7 . Consistent with the "flattening" of U (θ) in the "sticky tube" limit (σ/a 1) we find that the ratio U 2 /U 0 decreases to zero as σ/a → 0, exhibiting a linear power dependence on σ/a in this limit. We find the curvature grows in the "thread" regime where U 2 /U 0 becomes independent of σ/a, asymptotically approaching U 2 = 2U 0 as σ/a → ∞. Combining this with the scaling-dependence of U 0 on σ and a [eqs. (11) and (13)] in the asymptotic regimes of tube-and thread-like filament interactions we find
highlighting the ratio of interaction range to radius as a key parameter dictating the cohesive drive for twist. The LJ model of surface-mediated pairwise cohesion of filaments implies a generic instability of parallel filaments to a double-helically twisted state. We now consider the balance between cohesive LJ interactions and the mechanical costs of filament bending which determine the equilibrium skew angle of a filament pair. The bending energy (per filament) is simply Bκ 2 L/2, where B is the bending stiffness of the filament and κ = ∆ −1 tan θ sin θ is the curvature of the helical backbones. Hence, the total mechanical cost of filament bending for small twist has the form, Hence, the geometric dependence of curvature on twist, κ ∼ θ 2 , implies that bending rigidity does not stabilize parallel filaments, and some cohesive interactions generically give rise to some degree of inter-filament skew. Considering the limit of rigid filaments, where we expect the degree of inter-filament skew to be small, we find the equilibrium twist, θ eq of filament pair,
Because bending generates differential compression and extension throughout the cross section of the filament, bending stiffness is generically strongly dependent on filament radius. Here, we consider a simple model of an isotropic, elastic beam for which B = πEa 4 /4, where E is the material modulus of the filament [37] . Combining the radius dependence of stiffness with the curvature of the cohesive potential, we find the asymptotic scaling of the equilibrium inter-filament skew on diameter and interaction range in the respective tube and thread regimes,
This analysis shows that although any filament pair wellmodeled by van der Waals attraction between surfaces is unstable to some measure of interfilament twist, enhanced stiffness or small cohesive torques with large diameter filaments will lead to a marked reduction in θ eq compared to smaller diameter filaments.
IV. CASE II: OSMOTIC ATTRACTION AND ELECTROSTATIC REPULSION
In this section, we consider the θ-dependence of filament cohesion driven by two competing effects: an osmotically-driven attraction stabilized by an electrostatic repulsion (OCES). Our focus on this potential is motivated by the large body in vitro experimental study of biofilament (e.g. DNA, cytoskeletal filaments, filamentous viruses) condensation in solutions of inert polymers, which demonstrate that the respective repulsive and attractive interactions are independently controlled by ionic and osmotic solution properties. In our model these competing effects are modeled within the context of the Debye-Hückel theory of screened electrostatic repulsion and the Asakura-Oosawa model of depletion. We briefly introduce each component of the OCES potential and proceed to examine the behavior of interacting helical filament pairs.
Net attractive interactions between charged, semiflexible macroions mediated by neutral "depletants" has been studied extensively in the context of osmoticallydriven bundling biological filaments, such as DNA, factin or microtubules [6, 8, 9] . Newly developed ex- perimental methods that combined high-resolution microscopy by single-molecule force spectroscopy [38] are directly and quantitatively probing these interactions at a pairwise level. These methods, along with the independent experimental control over repulsive and attractive forces via respective ionic and osmotic solution conditions, make this an ideal class of interactions for the study of inter-filament cohesion. We model electrostatic interactions between (hollow) tubular filaments possessing a uniformly charged surfaces, of areal charge density ρ, in an aqueous medium at finite concentration of monovalent salts. We model screened electrostatic repulsion between charged surface elements of the Debye-Hückel [39] form. As in Sec. III, we find the total pair-wise electrostatic interaction between opposing filaments given by
where
with κ = λ −1 the inverse screening length and Γ = ρ 2 B k B T , with B = e 2 /( k B T ) the Bjerrum length (where we neglect dielectric contrast between filaments and solution).
We assume filaments to be immersed in a solution of lower-molecular weight depletants of concentration c whose exclusion from the occupied volume of the much larger filaments induces an osmotic driving force for interfilament contact, e.g. the depletion effect. These entropic attractions are modeled by the Asakura-Oosawa [40] theory, where the entropy of hard sphere depletants of radius R h is determined by the volume V ex of the region 8 excluded to the depletant centers by the filaments. This volume is enclosed within a surface, pictorially a "halo" around the curved filaments [41, 42] , that sits a distance R h from the tubular surface of the filaments. For separated and non-compact configurations filaments, V 0 ex = 2Lπ(a + R h ) 2 (neglecting effects from the end). When the filaments are sufficiently close, the exclusion regions overlap leading to a decrease in V ex by ∆V = V 0 ex − V ex . The entropic free energy gain due to the chance in accessible volume to the depletants ∆V is simply −Π∆V , where Π is the osmotic pressure exerted by the depletant molecules which for sufficiently low concentrations follow the van't Hoff's law Π = ck B T . Given the double helical geometry of skewed filaments, we compute this overlap volume ∆V = ∆A in terms of the length of vertical contact = L cos θ and the overlap area ∆A of excluded areas within planar cross sections perpendicular to the pitch axis (see Fig. 13 in Appendix A). Given the form of ∆A(θ) the depletion interaction per unit filament length is given by
Details regarding the calculation of overlap area on skewangle, a + R h and ∆ are described in the Appendix A. Two key properties distinguish the nature of depletion forces from either of the other two surface interactions considered in this study (LJ-type and screened electrostatic). Firstly, depletion interactions are strictly finite range since ∆V = 0 when the filament surfaces are more distant than 2R h , whereas the magnitudes of screenedelectrostatic and van der Waals forces decay respectively exponentially or algebraically at large separation. The second, and more critical, distinction is the non-pairwise additive nature of depletion forces: the overlap in excluded volume ∆V cannot be decomposed into a superposition of overlaps per pair of surface elements on opposing filaments. We show below that the non-pairwise additive nature of depletions gives rise to a qualitatively distinct skew dependence of filament interactions, particularly at small twist.
An example case of the combined OCES potential Fig. 8 for parallel filaments (θ = 0) for a case where R h ≈ λ, which exhibits a long-range repulsive/short-range attractive behavior due to the finite range of depletion attraction.
A. Skew dependence OCES interactions
While the skew dependence of the LJ interactions discussed in the previous section can be classified purely in terms of a single ratio of length scales, the behavior of the OCES interactions, which is governed by interactions of two independent energy and length scales, is not determined by a single dimensionless parameter. Instead, three dimensionless quantities characterize the skew dependence of the OCES model. These include both the reduced range of depletion attraction, R h /a, the ratio of attraction to repulsive interaction range, R h /λ, as well as the ratio of the magnitudes screened-electrostatic interaction to depletion-induced binding, which can be parameterized by the dimensionless ratio
where we assume dilute conditions where Π ∝ c.
The reduced potential as a function of θ is shown in Fig. 9 for a series of interaction ranges R h /a and fixed ratios of attractive to repulsive range R h /λ and of attractive to repulsive strength γ. As shown most clearly in Fig. 9(a) for R h /λ = 1 and γ = 4, a generic feature of the OCES potential is the appearance of a local maximum separating parallel filaments and large skew angles. We find that the scaled height of the energy barrier apparently increases with the ratio of interaction range relative to filament radius (below we demonstrate that the smallangle behavior is specifically governed by the electrostatic contributions). In this subsection, we restrict the discussion to the dependence of the global angle-dependence of U (θ)/U 0 on the interaction range R h /a and γ and reserve a more detailed analysis of the small-θ behavior for the subsequent section.
Generically, we observe that in the case of very shortranged interactions where R h a (for fixed R h ≈ λ), the reduced binding U (θ)/U 0 approaches the universal "sticky tube" limit obtained for σ a in Sec. III A. As in the case of LJ-surface interactions, when interactions are very short-ranged, inter-filament attraction favors maximal surface-surface contact, which is constrained by the universal geometry of hard-tube packing described in Sec. II. Hence, in the limit of short-ranged surface interactions, we observe a relative flattening of U (θ)/U 0 for small θ, where the number of line-contacts between tubes remains constant until a critical angle of θ c = π/4 is exceeded, at which point the tubes are able to develop two lines of contact accounting for the limit U (θ → π/2) = −2U 0 . As R h /a → 0, we find again that the optimal cohesive angle approaches this critical angle for hard tube packing.
While limiting behavior of R h /a → 0 of the OCES conforms the geometric behavior of the "sticky tube" limit, critical differences between the OCES model and pairwise LJ model emerge as the interaction range of attraction approaches the tube size, in this case when R h ≈ a. Significantly, we observe that the shift in θ m to larger skew angles with increasing interaction range is not a continuous function of R h /a (see Fig. 10 ). In particular, for a given value of γ, we observe for small R h /a θ m increases gradually from π/4 until a critical value of R h /a above which θ m jumps discontinuously to a maximal twist of θ m = π/2. Because the helical radius must diverge to avoid inter-tube overlap at maximal twist angle (i.e. ∆ * → ∞ as θ → π/2), the shift of optimal angle to π/2 implies that for sufficiently large range of depletion, the optimal cohesion no longer favors a finite filament curvature, which is unlike the thread-like limit LJ potential where we find θ m approaches a universal value ( 58
• ) as σ/a → ∞. Underlying the loss of optimal angle at intermediate twist angles for R h /a 1 is the geometry of the "depletion halo" at large twist. As we show in Appendix A, for R h a, the "depletion halos" of opposing filaments are strongly overlapping over the full range of θ, which implies, in this limit, that the angle dependence of ∆A is far less sensitive to the precise geometry of inter-filament surface contact than in case of "sticky tubes", where cohesive contact is maximally sensitive to the non-linear dependence of inter-filament contact on θ. Specifically, when R h /a 1, as θ increases, depletion halos begin to make additional contact and overlap with neighboring filaments "above" and "below" at skews far below the point where hard tube interactions force in-place spacing ∆ to separate significantly. Relative to the case of "sticky tubes" where hard-tube repulsion forces filaments to break cohesive contact with points at equal height for θ π/4, large halos maintain substantial in-plane contact (high overlap areas), while simultaneously strengthening attraction with out-of-plane contacts. Hence, for large depletion halos R h /a ≥ 1, attractive interactions grow monotonically with twist angle, as we show explicitly in the Appendix, leading to a loss of minimum of U (θ) for θ < π/2.
In Fig. 9(b) and (c), we demonstrate the effect of increasing γ or R h /λ, respectively, on the on angledependence of inter-filament cohesion. These examples show that either increasing the magnitude or range of depletion relative to screened electrostatic interaction have the same qualitative effect of "flattening" the potential at small and large θ as indicative of a "depletion dominated" interactions (see Fig. 14 in Appendix A). Notably, as either γ or R h /λ increase, the critical interaction range R h /a at which the optimal adhesion jumps from skewed (θ m < π/2) to fully tilted (θ m = π/2) shifts to larger values, highlighting the role played by electrostatic repulsion in destabilizing filament cohesion at a finite degree of skew.
B. Stability of straight filaments and small-θ dependence
We now turn to analyze the small-θ behavior of the OCES potential. As highlighted in the inset of Fig. 9(a) , a universal feature of the OCES behavior is the appearance of a local minimum for θ = 0, the stability of cohesive interactions for straight filament pairs d 2 U (θ)/dθ 2 | θ=0 = U 2 > 0, and a finite energy barrier separating parallel filaments from lower-energy states at lower skew. The local minimum at θ = 0 is markedly different from the case of LJ-type surface interactions, where parallel filaments are generically unstable to infinitesimal skew. In this case, the stability of parallel filaments derives from the distinct small-θ behavior of the components of the OCES interactions. As discussed 
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Depletion interactions, though they may act at longer range for R h > λ, are not pairwise additive, and therefore, the decreased distance between pairwise elements does not imply that infinitesimal skew increases depletion induced binding at O(θ 2 ). Instead, it is necessary to consider the change in overlap geometry of the depletion halos surrounding opposing filaments, whereby the effect of twist relates to the increased sectional areas derived from backbone tilt. For small skew, tubular intersections with the xy plane can be approximated as elliptical cuts through skewed cylinders [43] . Relative to the circular cuts of parallel filaments, at small-θ elliptical sections are affinely stretched along the tilt direction by a factor of sec θ, leading to an increase in overlap area ∆A(θ)/∆A(θ = 0) sec θ + O(θ 4 ). Inserting this asymptotic result into eq. (21) we find that the geometric increase in overlap area per planar sec- 
Depletion interactions, though they may act at longer range for R h > , are not pairwise additive, and therefore, the decreased distance between pairwise elements does not imply that infinitesimal skew increases depletion induced binding at O(✓ 2 ). Instead, it is necessary to consider the change in overlap geometry of the depletion halos surrounding opposing filaments, where the e↵ect of twist relates to the increased sectional areas de-
both the range of repulsive interaction (increased /a) and the relative magnitude of electrostatic interactions compared to depletion (decreasing ).
Because U 2 is independent of depletion, in Fig. we analyze the ratio U 2 /U DH (✓ = 0) as a measure of smalltwist behavior for a range of ratios /a and D/a, where D = 2( a) is the surface-surface separation of filaments. In the well separated limit, where D is much larger than a and , Fig. ? ? shows that U 2 /U DH (✓ = 0) approaches a characteristic ratio which is largely in dependent of /a. Hence, for large D, electrostatic sensitivity to twist falls exponentially with separation as
In the limit of closecontact where D is smaller than both a and the ratio U 2 /U DH (✓ = 0) approaches ratio that is strongly dependent on /a. Fig. ? ?? shows the asymptotic value of U 2 /U DH (✓ = 0) approached in the close-contact limit D ! 0. In this limit, a Derjaguin approximation gives
, which implies a scaling behavior of the curvature
Notably in the limit of short-ranged repulsions /a ⌧ 1, decrease of potential curvature with decreasing screening length (U 2 ⇠ ??? ) is consistent with "sticky tube" behavior observed for short interactions ranges in Figs. ???.
We now focus on the potential response to small skew deformations. In Fig.10 we plot the curvature of the interaction potential, characterized by the ratio U 2 /U 0 ,
y of straight filaments and small-✓ dependence
turn to analyze the small-✓ behavior of the ntial. As is highlighted in the inset of Fig. rsal feature of the OCES behavior is the apf a local minimum for ✓ = 0 and the stabilsive interactions for straight filament pairs, =0 = U 2 > 0. This local minimum at ✓ = 0 is i↵erent from the case of LJ -type surface inwhere parallel filaments generically unstable imal skew. This stability of parallel filaments m the distinct small-✓ behavior of the comthe OCES interactions. As discussed above , for pairwise interactions the e↵ect of inskew can be understood in terms of the inhe number of points brought into closer inange. For pairwise electrostatic interactions, repulsive at all distances, decreasing sepaeen points relative to parallel filaments imreasing electrostatic repulsion at small-✓, and d✓ 2 > 0. interactions, though they may act at longer h > , are not pairwise additive, and thereecreased distance between pairwise elements ply that infinitesimal skew increases depled binding at O(✓ 2 ). Instead, it is necessary the change in overlap geometry of the deos surrounding opposing filaments, where the ist relates to the increased sectional areas de-
Dimensionless energy U/|U 0 | as a function of helical angle ✓, optimized with respect to , for a range of values of R h /a. Note that R h / =1.0 and =4.
B. Stability of straight filaments and small-✓ dependence
Depletion interactions, though they may act at longer range for R h > , are not pairwise additive, and therefore, the decreased distance between pairwise elements does not imply that infinitesimal skew increases depletion induced binding at O(✓ 2 ). Instead, it is necessary to consider the change in overlap geometry of the depletion halos surrounding opposing filaments, where the e↵ect of twist relates to the increased sectional areas de-✓ = 0 from its minimal value at ✓ = ✓ m . Because pletion interactions do not contribute to the potential O(✓ 2 ), the stability of parallel filament interactions, measured through the curvature of the potential U 2 determined solely by the strength and range of elect static repulsion. In Figs. ? ? and ??, we observe that c vature and magnitude of the energy barrier to incre with both the range of repulsive interaction (increa /a) and the relative magnitude of electrostatic inter tions compared to depletion (decreasing ).
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Notably in the limit of short-ranged repulsions /a ⌧ decrease of potential curvature with decreasing scre ing length (U 2 ⇠ ??? ) is consistent with "sticky tub behavior observed for short interactions ranges in Fi ???.
We now focus on the potential response to small sk deformations. In Fig.10 we plot the curvature of interaction potential, characterized by the ratio U 2 / FIG. 10 . θm vs. ln R h /a for the three cases shown in Fig. 9 . Inset: The discontinuous jump in the minimum angle shown as a function of R h /a. The discontinuity corresponds to R h /a ≈ 0.32 (blue curve), 0.41 (orange curve) and 0.40 (green curve).
tion is perfectly canceled by the geometric decrease in contact length ( = L cos θ), such that depletion interactions are strictly independent of skew-angle to O(θ 4 ) and
The insensitivity of depletion for small twist implies that the electrostatic repulsion always dominates at sufficiently small angles. Weakly twisting a filament pair generically increases the net free energy, corresponding to a positive curvature of the angle-dependent potential
This implies that parallel filaments (θ = 0) are always a weakly metastable state of binding for OCES interactions, and an energy barrier always separates the metastable state of interactions at θ = 0 from its minimal value at θ = θ m . Because depletion interactions do not contribute to the potential at O(θ 2 ), the stability of parallel filament interactions, as measured through the curvature of the potential U 2 , is determined solely by the strength and range of electrostatic repulsion. Hence the inset of Fig. 9(a) shows the curvature and magnitude of the energy barrier to increase with both the range of repulsive interaction (increased λ/a) and the relative magnitude of electrostatic interactions compared to depletion (decreasing γ).
In Fig. 11 we analyze the ratio U 2 /U DH (θ = 0) as a measure of small-twist behavior for a range of ratios λ/a and D/a, where D = 2(∆ − a) is the surfacesurface separation of filaments. In the well-separated limit, where D is much larger than a and λ, Fig. 12 shows that U 2 /U DH (θ = 0) tends towards a characteristic ratio which is largely independent of λ/a. Hence, for large D, electrostatic sensitivity to twist falls exponentially with separation as U 2 ∼ U DH ∼ LΓa 2 K 0 (κD). In the limit of close-contact where D is smaller than both a and λ the ratio U 2 /U DH (θ = 0) approaches a ratio that is strongly dependent on λ/a. Fig. 12 shows the asymptotic value of U 2 /U DH (θ = 0) approached in the close-contact limit D/a → 0. In this limit, a Derjaguin approximation gives U DH (θ = 0) = 2π 3/2 Γa 1/2 κ −3/2 which implies a scaling behavior of the curvature (for closely-spaced filaments)
Notably in the limit of short-ranged repulsions λ a, the dramatic decrease of potential curvature with decreasing screening length (U 2 ∼ λ 9/4 ) is consistent with "sticky tube" behavior observed for short interactions ranges in Figs. 9, which rapidly flatten in shape as λ/a is decreased below unity.
V. DISCUSSION
The study of the twist-dependence of inter-filament cohesion yields a number of important general conclusions.
Firstly, that cohesive interactions generically favor nonzero skew. We can rationalize this in the extreme limit of short-range ("sticky tube") interactions as a geometrical condition for maximizing the number of "contact lines" between opposing filaments, which corresponds to the crude picture of three lines of contact "merging" at the critical angle θ c = π/4. However, the nature of the twist dependence at small angles is demonstrated to be nonuniversal, with the sign of the curvature of U (θ) (and the stability of parallel filaments) determined critically by the nature of interactions dominating in this regime. For pair-wise surface forces, infinitesimal twist of parallel filaments, upon aggregation, decreases the distance between points on opposing filaments. Thus, weak twist generically decreases (increases) the inter-filament potential for attractive (repulsive) interactions relative to the parallel configuration. When attractive interactions dominate at small twist as in the LJ potential, inter-filament cohesion destabilizes parallel filaments, while the dominance of electrostatic repulsion (combined with the insensitivity of depletion to small twist) leads to meta-stable parallel state.
It is critical to recognize that these conclusions, even at a qualitative level, are critically sensitive to the ability of flexible filaments to conform to a curved, double-helical geometry. Indeed, for the extreme case of perfectly rigid filaments well-studied in the literature [19, 44, 45] , precisely the opposite behavior is achieved at small-twist due to the loss of inter-filament contact at distant ends of the filaments (see Fig. 1(a) ) and twisting parallel rigid filaments decreases (increases) the potential for attractive (repulsive) pair-wise interactions between surface elements. Notably, if one incorrectly assumes the twist dependence of electrostatic interactions between rigid cylinders to describe assemblies of flexible, helically-twisted filaments, as has been proposed in a recent model of amyloid fibril structure [46, 47] , then one arrives at the conclusion that electrostatic repulsion drives inter-filament helical skew and spontaneous twist of the assembly, a conclusion which is clearly contradicted by the present analyses. While some compensating attractive forces might favor helical filament twist, the present analysis demonstrates that the driving force for twist in a model of flexible filaments cannot be correlated with electrostatic repulsions, as double-helical twist generically increases the inter-filament repulsive cost.
Returning to the case of an attractive, pair-wise interaction between filaments, such as the LJ potential, we are led to the surprising and generic conclusion that the cohesive gain (growing as ∼ θ 2 ) dominates the mechanical cost of helical bending (growing as ∼ θ 4 ) for small twist, and hence, cohesion always stabilizes some measure of inter-filament twist. Given that LJ-type interactions are a common model for the van der Waals interactions between a broad range of neutral filaments, most notably carbon nanotubes, we are led to ask about the magnitude of the equilibrium twist angle predicted by the analysis and compare this to existing experimental observations. Here, we provide a simple estimate for the equilibrium inter-filament skew of 2-filament carbon nanotube ropes considering (6, 6) and (20, 20) nanotubes as limiting cases of small-and large-diameters. For dispersion interactions between graphene-like surfaces, interactions parameters have been computed = 3.48 eV/nm 4 [48] and σ = 0.38 nm [16] , while the bending stiffnesses have been predicted to be B (6, 6) 712 eVnm and B (20, 20) 22, 800 eVnm [16, 48, 49] . Using the scaling estimate of eq. (15) and (17) we estimate θ eq to be 0.2
• and 0.08
• , for (6, 6) and (20, 20) nanotubes, respectively. Given the nanometer scale of tube diameters, these extremely modest degrees of twist (deriving from the profound rigidity of nanotubes) correspond to helical pitches on the scale of microns (or larger) which would be challenging, at best, to resolve via most the most commonly used microscopy techniques.
VI. CONCLUSION
In this paper we have demonstrated the importance of flexibility in interacting filaments. Simply put, the largescale deformation of filaments cannot be ignored when modeling the dependence of filament forces on interfilament geometry (separation and orientation). From the point of the inter-filament forces, the double-helical state is ideal given its ability to maintain cohesive contact at the expense of adjusting inter-filament spacing and local geometry. Considerations of filament mechanics notwithstanding, cohesion favors skewed states, with an optimal geometry determined by the interplay of universal geometric considerations and non-universal features of the inter-filament potential, notably the range, pair-wise vs. non pair-wise additivity, and attractive vs. repulsive nature. Given the markedly distinct predictions of the present model, which assumes filaments to be sufficiently flexible to maintain contact along their contours and the previously studied extreme limit of perfect rigidity, it remains an open challenge to resolve how the twistdependence of inter-filament cohesion evolves (and ultimately inverts) between these two asymptotic limits for filaments of finite length and stiffness.
lap area between the filaments in the xy plane, ∆A(θ), for a given inter-filament separation ∆ and range of depletion R h [50] . The excluded volume region is enclosed with in the depletion halo which surrounds the filament and sits at a distance
from the center line. To compute the area of overlap between excluded volume regions on opposing tubes, we make use of Green's theorem [51] for the area bounded by a closed, 2D curve, X(s), in the xy plane [52] Area X(s) = ds (X × ∂ s X) ·ẑ.
To determine the curves that bound the overlap regions (cross-sectional cuts of the depletion halo with respect to its helical axis) we use the parametrization given by eq. (4) (under the replacement a → a ef f ). Note that integrating the overlap area over the contact height of the pair, = L cos θ, yields the overlap volume depicted schematically in Fig. 8(b) . This involves seeking solutions to the equation R ± ·ẑ = 0, which via eq. (2) may be written as z 0 (φ ± ) = −a ef f sin φ ± sin θ. The curves R ± | z 0 ≡ R 0 ± (φ ± ), valid for any helical angle θ, delimit the boundaries of the cross-sectional area of excluded volume, whose shape is shown in Fig. 13 .
The depletion interaction is determined by the area of overlap between the ± curves. Let C ± correspond to the set of φ ± for which R The computed depletion interaction, eq. (A3), as a function of helical angle is shown in Fig. 14 , for the limiting case when the filaments are closed packed (the distance of closest approach between center lines is a), corresponding to maximal overlap volume. Note the universally (flat) behavior at small helical angles, signature of a low energy gain that increases as a quartic power. Again, the small-θ dependence can be easily understood by the shape of cross-sections at small angles, which are affinely strecthed by a factor of 1/ cos θ due to small inplane tilt of the backbone curve. In this limit, eq. (A3) scales as ∆A(θ = 0)/ cos θ, perfectly balancing the cos θ term of the osmotic attraction, eq. (21), thus making the leading power to scale as θ 4 . For higher values of θ the depletion reaches a global minima, which shifts rightward with increasing halo size. In the limit where the The depletion interation is determin overlap between the ± curves. Let C the set of ± for which R 0 ± that is over The sets ± 2 C ± satisfy the inequaliti and R 0 + ( + ) ·x < 0, respecitvely. Hen (signed) area integration over the disj tours yeilds the sum of the contour in the piecewise-continuous curves boundi eas, that is, the overlap area,
The computed depletion interaction function of helical angle is shown in Fi iting case when the filaments are closed tance of closest approach between cent responding to maximal overlap volum versally (flat) behavior at small helical of a low energy gain that increases as Again, the small-✓ dependence can be by the shape of cross-sections at small a nely strecthed by a factor of 1/ cos ✓ plane tilt of the backbone curve. In th filamen The sets ± 2 C ± satisfy the inequalities R 0 ( ) ·x > and R 0 + ( + ) ·x < 0, respecitvely. Hence, summing th (signed) area integration over the disjoint overlap co tours yeilds the sum of the contour integration aroun the piecewise-continuous curves bounding the overlap a eas, that is, the overlap area,
The computed depletion interaction, eq. (A3), as function of helical angle is shown in Fig.14 , for the lim iting case when the filaments are closed packed (the di tance of closest approach between center lines is a), co responding to maximal overlap volume. Note the un versally (flat) behavior at small helical angles, signatu of a low energy gain that increases as a quartic powe Again, the small-✓ dependence can be easily understoo by the shape of cross-sections at small angles, which a a nely strecthed by a factor of 1/ cos ✓ due to small i plane tilt of the backbone curve. In this limit, eq. (? depletion halo is negligible, the resulting attraction is dominated by the geometry of the close-packed doublehelices described in Sec. II. Finally, as the helical angle increases, the cross sections have deformed into elongated jelly beans, as shown in Fig. 13 , where there are only two points of contact providing adhesive gain, which accounts for the saturation value of −2U D (θ = 0) in the energy.
